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Slow Motion and Metastability for a Nonlocal
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In this paper we consider a nonlocal evolution equation in one dimension,
which describes the dynamics of a ferromagnetic system in the mean field
approximation. In the presence of a small magnetic field, it admits two station-
ary and homogeneous solutions, representing the stable and metastable phases
of the physical system. We prove the existence of an invariant, one dimensional
manifold connecting the stable and metastable phases. This is the unstable
manifold of a distinguished, spatially nonhomogeneous, stationary solution,
called the critical droplet.*'® We show that the points on the manifold are
droplets longer or shorter than the critical one, and that their motion is very
slow in agreement with the theory of metastable patterns. We also obtain a new
proof of the existence of the critical droplet, which is supplied with a local
uniqueness result.
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1. INTRODUCTION

In this paper we study the metastable behavior in one dimension of the
following evolution equation for the scalar field m = m(z, x):

%—T=—m+tanh{ﬂ[J*m+h]}, (t, x) e R, xR, (1.1

where > 1, h> 0, and J is a nonnegative, even function, with support in
the unit interval, normalized to have integral 1, i.e., sdx J(x)=1, and
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J * m denotes the convolution between J and m. Equation (1.1) has been
derived in ref. 11, as a scaling limit for the empirical magnetization, from
an Ising spin system with Glauber dynamics and Kac potentials.82%
Therefore m represents the local magnetization density, J is related to the
(long range) ferromagnetic coupling of the spin—spin interaction, £ is the
inverse temperature and / an external magnetic field. The appearance of
metastable states is a common feature of all the mean field theories of
phase transition. This fact is reflected in (1.1): given f > 1, there is an
hg >0 such that for he [0, h;] there are three and only three constant
stationary solutions, denoted by:

my,<my, <0<mj,.

For h> 0, |mj, ,| <mj} ,, and m} , <O0; for h=0,m} , =0, and m}, , = —my,
=my. The two phases +m; are thermodynamically stable at 4 =0, while
my , =0 is unstable. For 2> 0, mj , is the only stable phase, m} , is still
unstable, while mj , becomes metastable.

We prove the existence of an invariant manifold connecting the stable
and metastable phases. This manifold is the union of two heteroclinic
orbits, connecting the above phases with a particular, nonhomogeneous
stationary solution to (1.1), which we call the critical droplet for the
following reason.

Our ultimate purpose is to give a complete description of the tunneling
from the metastable to the stable phase for the underlying stochastic spin
dynamics. According to general heuristic arguments, the transition occurs
through the nucleation of a sufficiently large droplet of the stable phase,
which will start to grow undergoing an irreversible process leading to the
stable phase everywhere. On the contrary, small droplets will have a ten-
dency to shrink. According to the pathwise approach to metastability in
the case of reversible dynamics,”'?" our results will play a central role in
determining the typical path of the tunneling transition, which will be the
subject of future works.

The critical droplet is a spatially nonhomogeneous, symmetric func-
tion ¢ which is a stationary solution to Eq. (1.1) close to the metastable
state at infinity; namely g solves:

q(x) = tanh{ﬂ[(] * q)(x)+h]}, xeR, |1|i£n q(x) = mg p. (1.2)

The existence of homoclinic type solutions like ¢ has been firstly proved in
ref. 4 for a general class of bistable integral equations (and general kernels J),
which also give the stationary solutions of a different class of nonlocal
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evolution equations introduced in ref. 1. For our particular equation the
existence has also been proved in ref. 10 for > 1 and 4 small enough.
Both the results in ref. 10 and ours relay on the spectral estimates given
in ref. 9 that are proved only for # small and for positive, monotonic,
compact support J. However this is enough for our purposes since the
range of the spin—spin interaction is finite and the metastable behavior is
caught only for 4 small.

In ref. 10 it has been proved that when # is very small the region where
q is close to the stable phase is of order |log /4|, while the length of the
transition layers from this region to the one where the metastable phase
dominates is of order 1. The layers may be approximately described as
standing waves of Eq. (1.1) with A=0. These are translations and/or
reflections of the instanton m(x), a strictly increasing and antisymmetric
function solving:

m(x) =tanh{B(J * m)(x)}, x€R, lim m(x) = +m. (1.3)

x— +oo

All the translations of ¢ are stationary solutions, and it is not known
whether these are the only (spatially nonhomogeneous) solutions to (1.2).
In ref. 10 the existence of the bump is proved by applying the Newton
method to find the zeros of the map defined (on the space of continuous
and symmetric functions) by the r.h.s. of (1.1). Consequence of this
approach is the lack of any uniqueness result. We partially fill up this gap
here by giving a different proof which is also supplied with a local unique-
ness result. We also give a detailed description of the spatial structure of
the bump, by showing it is a strictly decreasing function for x >0, con-
verging exponentially fast to the metastable phase as |x| — + co.

The existence of an invariant, one dimensional, unstable manifold #~
through ¢, follows in a standard way (see, for instance, ref. 17) from the
existence, proved in ref. 9, of an isolated, simple, positive eigenvalue of the
operator obtained by linearizing (1.2) around the critical droplet q. Never-
theless we give in Section 6 an explicit construction needed to establish the
other results. This manifold consists of the union of two branches #,. The
points on #_ (resp. #,) are symmetric functions, nonincreasing for x > 0,
strictly smaller (resp. larger) than q. We thus refer to the points on #~
(resp. #.) as the sub-critical (resp. super-critical) droplets. In the branch
#_ where the length of the droplets is shorter than that of ¢, the evolution
shrinks it further, while it grows if it is larger. This shrinking (resp.
growing) process goes on indefinitely and we actually prove the branch %~
(resp. #.,.) connects the bump with the metastable (resp. stable) phase. We
prove this last result by using the comparison theorem which holds for
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Eq. (1.1). We construct suitable upper solutions for the sub-critical droplet
and lower solutions for the super-critical one that converge to the meta-
stable, respectively stable, phase as ¢ diverges. This method does not allow
to catch the actual speed of convergence to the metastable and stable
phases, which will be the subject of a future work.

However we have a detailed description of large part of the relaxation
process. The situation is in fact similar to that of the invariant manifolds
for metastable patterns in solutions of the singularly perturbed Ginzburg—
Landau equation.® %! We show that, for /4 very small, a large part, %,
of the unstable manifold ¥~ consists of droplets with two well-separated
transition layers, whose patterns are described approximately by the stand-
ing waves. The dynamics on % is then reduced to the motion of the layer
locations, + ¢, which can be described, to high accuracy, by the ordinary
differential equation:

&= —uKe >+ 2my uh, (1.4

where the positive coefficients K, «, and u depend on J and f. Thus the
velocity turns out to be the sum of two terms. The first one is an attractive
term, due to the interaction between the layers, in agreement to the analo-
gous effect proved for the singularly perturbed Ginzburg-Landau equa-
tion. The second one is a constant, positive drift, which is linear in the
small magnetic field 4. It coincides with the first order expansion of the
velocity for the traveling wave solutions to (1.1), see Eq. (2.8) in the next
section. Since the motion is very slow (for large &), following ref. 15 we
refer to # as a slow motion manifold. The velocity field has a zero at
(200) ' log[ K(2mzh)~'] which gives, at the lowest order, (one half of) the
length of the critical droplet.

Our approach is based on the geometric method used by Fusco and
Hale,"® and by Carr and Pego,®® for the singularly perturbed Ginzburg—
Landau equation (see also the more recent paper by Eckmann and
Rougemont?). By restricting our analysis to the space of symmetric func-
tions we first construct an “approximately invariant” manifold .# of quasi-
stationary states. The motion near ./ is described in terms of coordinates
along and transversal to .# (the Fermi coordinates). This manifold con-
tains the essential dynamics: due to a strong transverse stability, the solu-
tions near .# are squeezed into a thin channel which contains .# and where
the layer motion is described with high accuracy by (1.4). We next prove
that there exists an unique stationary solution to Eq. (1.1) near .#, which is
then identified with the critical droplet ¢ and it turns out to be strictly con-
tained in the thin channel. The slow motion manifold # is thus defined by
that part of #” inside the channel.
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In the next section we state the main definitions and results and we
give an outline of the paper.

2. DEFINITIONS AND RESULTS

We first state the assumptions on the interaction J appearing in (1.1).
The function J € C*(R) is symmetric, nonnegative, and with integral equal
to one. Moreover sup{x e R: J(x) >0} =1 and J'(x) <0 for x € (0, 1).

In the whole paper we consider the evolution defined by (1.1) as an
equation in the space L. (R; [—1, 1]), which we rewrite as:

W fom,  fom = —mrtanh (Bl emthl. @)

We observe that the Cauchy problem has a unique solution in L (R) and
the set L (R; [—1,1]) is invariant for the dynamics. Analogously there
exists a unique solution of the Cauchy problem in Cy(R), the space of con-
tinuous and bounded functions on R, and the set C(R,[—1,1]) is left
invariant. We denote by S,(m) the flow solution with initial datum m, so
that S, defines a semi-group on L_(R; [—1, 1]) for which C(R, [—1,1]) is
an invariant (closed) subspace. We finally notice that, since J is a symme-
tric function, the space C¥™(R, [—1, 1]) of symmetric, continuous func-
tions is an invariant set. In the sequel we will often need to study the
dependence of S,(m) on the initial datum m. A first estimate is:

IS, (m +u) =S, (m)ll.,, < " lull,, 22

where k, > 0 is the Lipschitz coefficient of f. For a more refined bound, let
L,, be the linear operator defined by

L,u=—-u+p,J *u, P = coshz{%’ 2.3)
Then L,,,, is the derivative Df|,, of f(m) at m, so that:
fm+u)—f(m)—L,, u
= B*(J * u)zjol ds(1—s) tanh"{B[J » (m+su)+h]}, 2.4)

from which it follows that there exists k, > 0 such that:

If(m+u)— f(m) =L, yill, <Ky Nl 2.5
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Stationary Solutions (Refs. 1, 3, 4, 8, 9, 10, 12, 13, 22). Given
£ > 1, there exists a unique (modulo translations) solution (x) of (1.3),
which we call the instanton. It is a C*, strictly increasing, antisymmetric
function. Moreover, letting a > 0 be such that:

ﬁ(l—m;)jdz J(z)e =1, 2.6)

there are a > 0, oy, > a, and ¢ > 0 so that, for all x >0,
[m(x) — (my — ae™)| + [’ (x) — aae ™| + |[m" (x) + a’ae ™| < ce™%, (2.7)

where ' and m” are respectively the first and second derivatives of 7.

For small 2> 0, the existence of traveling waves solutions to (1.1),
connecting the stable and metastable phases m7 ,, can be obtained by using
a perturbative argument around the instanton. These are solutions of the
form #,(x—v(h) t), where #1,(x) is a strictly increasing function of x with
asymptotes m3 , at +oo and |, —m|,, = O(h). The velocity of the front
v(h) is a negative, strictly decreasing function of 4, such that:

o) _ . )T
I Th T ”‘[ dyﬁ(l—m(y)z)} ‘

h>0*

On a physical background, u is the linear transport coefficient which
represents the mobility of an interface separating the stable phases, see,
e.g., refs. 2 and 23 for details. We refer to ref. 8 and reference therein, for
stability and other properties of fronts.

In ref. 10 it is proved the existence, for 2> 0 small, of the critical
droplet in a neighborhood of the symmetric function 7.(x) = m(&—|x|);
the result is summarized in the following theorem.

2.8)

Theorem 2.1. Given f > 1, there is 4, > 0 and, for any s e (0, A, ],
there is g e CY™(R; [—1, 1]) which solves (1.2). Moreover there is &*=
E*(h) such that:

lim [lg—mg],, =0  and  lim e*®h=(2m,) ' K, (2.9)
K10 hl0

where

i (x)(mj —m*(x))

. a e
K=/3(1—m§,)jdx 1—m’(x)

(2.10)

with « defined by (2.6) and a as in (2.7).
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The Quasi-Invariant Manifold. We are interested in the behavior
of solutions which consist of two well separated layers, and from (2.9) we
expect that the interesting part of the relaxation process is caught by
restricting our analysis to patterns with layers at a distance no too larger
than (20) 7! |log #|. In fact layers far apart from each other interact too
weakly and the effect of the magnetic field predominates (one could prove
they simply go away with an almost constant velocity, each one eventually
approaching a traveling wave). With this in mind, for any £> 1, h < e,
and x > 0, we introduce the interval:

D,Ki{f:€<f<(2a)‘l llog h|+x}. (2.11)
Observe that:

h<e™e™  Veel,,. (2.12)

Theorem 2.2. Given f>1, there is ¢,>1 such that, for any
h < e %, there exists a C'-map &+ n; e CY™(R; [—1, 1]), & > 4,, with the
following properties. For some d, > 0 and any x > 0, there is ¢, = ¢,(x) >0
such that, for any e I ,,

7 () = 77 () oo < o0, (2.13)
101 (x) — 1m0, ()|, < coe ™, (2.14)
If () =V (&) Oenell.o < coe™ )%, (2.15)
with
V(&) =—pKe > +2my ph (2.16)

and «, 4, and K as in (2.6), (2.8), and (2.10) respectively.

This theorem will be proved in Section 8 where the function n, is
explicitly given in Definition 8.2. For any ¢> ¢, and x>0 we refer to
My, ={n::¢eT, .} as the quasi-invariant manifold: by (2.15), f(n,),
n: € M, ., is approximately tangent to .#, , and very small.

Theorem 2.2 and Proposition 2.3 below are consequences of the spec-
tral analysis given in ref. 9, details are given in Section 8.

Proposition 2.3. Let n,, €I, ., be as in Theorem 2.2 and, recall-
ing (2.3), set L, = L, 1> Pe = Pusi- For any x > 0 there are ¢, > ¢,, ¢; > 1,
and o, > 0 such that, for any 2 <e > and eI, ,, the following holds.
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There exist an eigenvalue A; > 0 and strictly positive right and left eigen-
functions v, v} € C§™(R) so that:

vi=po;, et <cie® Ve 0. (2.17)
Furthermore letting o’ = a'(¢) = a—c;e "2 we have:
cile™ <A e ve(x) < e VxeR,. (2.18)
Moreover, recalling (2.8) and setting 7. (x) = \/;1 m(&—x),
[ve(x) — (X)) < cje™2CHelEs for |E—x| < &/2. (2.19)

Assume v; and vz are normalized so that:

foo dx 0e(x)”

X = J:o dx v*(x) v:(x) = 1 (2.20)

and define the linear functional 7 on LY™(R) as

m () = jow dx v*(x) Y(x). @2.21)

Then, for any y € LJ™(R) and for any w e LY™(R) such that n.(w) =0,
Wl <ci Wl lle™wlly <cre™|wll,,  Ve=0. (222)

We will often use that, as a consequence of the above proposition, for
some constant ¢, = ¢,(x), and for all w such that z.(w) =0,

P _ c
IL: M, <édg',  ILE' Wi, < w—l wlloo- (2.23)
1

Fermi Coordinates. We introduce tubular coordinates in a neigh-
borhood of .#,, in the following way. The estimates (2.14) and (2.19)
suggest that for £ large enough the vectors v; and 0.n, are almost parallel.
Therefore we can use the projection (2.21) to define a transverse direction
to .4, .. To this end we shall need the following lemma, proved in Section 8.

Lemma 2.4. There are §, >0 and a, > a and, for any x > 0, there
are £, > ¢, and ¢, > 0 such that, for any 2 <e % and ¢ e I, ,, the follow-
ing holds.
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00 (x) — Y (x)| S e &t for [E—x|<E/2, (2.24)

0:v:(%)] < ,E%:(x)  VxeR, ‘ <ce ™S (2.25)

Moreover, for any ¥ € LY™(R),

0l < €2 Wl Oeme(Y) = f:o dx .07 (x) Y(x).  (2.26)

Finally:
101 — 7 (Deme) vell.o < 267, (2.27)
|7 (Oene) ' =/l < e, (2.28)
|0:7:(0;ne)| < e~ (2.29)

Givene>0,x>0,£>/¢,, and h <e ™, let

By o ={me LY (R): 1nf lm—ne|,, <e}. (2.30)

LK

A standard application of the Implicit Function Theorem implies the
following result.

Theorem 2.5. For any x > 0 let £, be as in Lemma 2.4. Then there
are ¢, >0, ¢=1, K>k, and £; > £ > ¢, such that, for any & < e %, there
exists a C'-map Z: B, — I . such that, for £ = 5(m),

LK, &)
m(m—ng) =0, |m—ngl, <cinf{lm—n,:lel, ). @31

Moreover, if &, € I}, . and [|m—n; ||, <&, then:

I€—&ol < llm—ng . (2:32)

The proof, which is sketched at the end of Section 8, is a standard
application of the Contraction Mapping Principle, see also the analogous
result in ref. 5. As a corollary we get the existence of tubular coordinates.
That is the following holds. Let

572,x,g ={( @) eI, X LI"(R) : n:(¢) =0, [loll., <&} (2.33)

For (¢, )€ F,,., define M(, ) =n;.+¢ and ¥, , = M(¥,,.,). Then for
any h<e‘2‘"’53 the map M: %, ,, > % is differentiable, one to one,

L & 4y, %, &
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and Z(M(¢, ¢)) =¢. Moreover &, ., is open in L3™(R). We thus have
existence of tubular coordinates in a neighborhood of the manifold ./,
whose size is not vanishing as / | 0.

Equations of Motion. Consider a solution to (2.1), S,(m), t € [0, T'],
T >0, which lies in the tubular neighborhood ¥ , . with £; and ¢, as
above. Then we can decompose S,(m) = ng,, +@(2). By differentiating the
identity m:(¢) =0, from (2.1) we obtain the equations of motion in the
Fermi coordinates (&, ¢):

[7:(0:ne) — Osms ()] é= m:(f(n: +9)), (2.34)
¢ = f(n; +9)—dem:é, (2.35)
where (&, ¢) denotes the time derivative of (&, @). Observe that, from
Lemma 2.4, by choosing ¢ small enough (depending on ), the coefficient
of ¢ in (2.34) is nonzero for any (¢, ¢) in the tubular neighborhood &, . ..
Given x>0 and £>¢; such that e /2 <¢,, we introduce the thin
channels %, . ,, Q > 1, defined by:
Zo={m=n+9ed, . £l ol <Q e ™} (2.36)
Then:

Theorem 2.6. For any x>0 there are ¢ €(0,¢,1, 4, =45, Q>1,
and v> 0, such that, for any h < e, the following holds. If me ¢,

s K, 8

then, as long as S,(m) = ny, +¢(t) € , . ,,, one has:
o)l < e O +(Q [lp(0)],, —e > /) e, (2.37)

We may assume ¢, so small and ¢, so large that (1+ Q)¢ <g¢, and
e/> <g,. By (2.37) we thus see that the tube %, , , is exponentially
attracted toward the channel &, , ,. Moreover, for me &, , there are
only two possibilities: either S,(m) stays forever in & . ,, or there is a finite
time ¢* for which &(¢*) belongs to the boundary of I, .. The dynamics in
the channel Z, ., is essentially reduced to the motion of the coordinate

&(¢), for which we have an explicit formula:

Theorem 2.7. For any x > 0 there is 6* > 0 such that, for any £ > ¢,
sufficiently large, as long as S,(m) = n,, +¢(t) € Z, .|, one has (recall the
definition (2.16)):

E=V(E)+0(e~ @+, (2.38)

Theorems 2.6 and 2.7 will be proved in Section 3.
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The Critical Droplet. Our next result, proved in Section 4, concerns
the existence and uniqueness of the critical droplet in a neighborhood
of M, ..

Theorem 2.8. There is x, such that the following holds. For any
K>, there are ¢ € (0, 5], &s=4;, and hy <e *s such that, for any
he (0, hy], the equation f(m)=0 in ¥ _,, has a unique solution m=
nz +@. Moreover:

lim e*h=(2my)"' K,  lim e*¢ |||, =0, (2.39)
hlO hlO

with K as in (2.10).

From (2.39), (2.13), and (2.9) this solution to f(m) = 0 has to coincide
with the critical droplet of Theorem 2.1, i.e., g =n: +&.

We have a detailed information on the spatial structure of the critical
droplet, which is the content of the following proposition, proved in
Section 5.

Proposition 2.9. Given B>1, there is h*e(0,h,] (h, as in
Theorem 2.1) such that for any Ae (0, 2*] the bump g(x) is a strictly
decreasing function on R, (actually ¢'(x) <0 for all x> 0). Moreover,
letting y > 0 be such that

BL1—(m3,)°] j dz J(z) e " =1, (2.40)

and £, be the (unique) positive zero of g(x), there are 4 >0, § >0, and
C > 0so that, forall x> &,

19(0) = (. + A7) +1g'(x) +7Ae ) 1" (x) —y e )|
< Ce~0+—¢y), (2.41)

Finally, as 2] 0, A4, d, and C remain strictly positive and bounded, while
¢, —>+o0.

The Invariant Manifold. The behavior of the dynamics around ¢
follows from the spectral properties of the linear operator L = L,,,. Since g

satisfies (1.2) for any y € LY™(R),

Ly =—y+pJ«y,  p(x)=pl1—q(x)"]. (2.42)
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Given ( € R, we introduce the normed spaces X, = {w: R > R mea-
surable and symmetric : ||w|; < oo} where

[wll; = sup e* |w(x)|. (2.43)

xeR,

The following proposition follows from the results proved in refs. 9 and 10
and for the reader convenience we give detailed references on where the
proofs can be found in Section 8.

Proposition 2.10. Given > 1 let 4* be as in Proposition 2.9. Then
there are constants C, >1 and C; >0 such that for any A e (0, #*] the
following holds. There is an eigenvalue A > 0 and strictly positive right and
left eigenfunctions v, v* e CY™(R) so that v*(x) = p(x) v(x) for all xe R
and

— <A< Goh. 2.44
& <A<Cy (2.44)

Furthermore there is a unique y, >y > 0, (y as in (2.40)) such that:
B(L=(m5)?) [ dz I (2) e =1+, (2.45)

and there is M, > 0 for which

lim e"u(x)=M,. (2.46)

X —+00
Moreover, for any { <y, and ¢ >0,
le“wll; < Cre* lwl,  VweX,. (2.47)

Assume v and v* are normalized as in (2.20) (with p, replaced by p) and
define the linear functional 7= on X, { <y,, as in (2.21). Then there is w0 > 0
so that, for any w e LY™(R) such that n(w) =0and ¢ > 0,

1
le“wll, < Cre™ Wil o SosG. (2.48)
0
Finally, for £* as in (2.9),

1}3{% sup [v(x) —/p ' (x+E&*)| = 0. (2.49)

x<0



Slow Motion and Metastability for a Nonlocal Equation 721

From the above spectral estimates it follows the existence of two
distinct, one dimensional manifolds #, < C¥™(R; [—1, 1]). We give the
precise statement in the next theorem, proved in Section 6.

Theorem 2.11. Given > 1 let A* be as in Proposition 2.9. Then,
for any he (0, 2*], there are two distinct, one dimensional manifolds
W, < C¥(R; [—1, 1]), such that:

W, ={m*: seR}, S,(m¥)=m?,,, VseR, Vt=0, (2.50)
lim [m—g|, = 0. @.51)

Moreover, for u as in (2.8),

+
dm F Ae“Lv

ds \/;1

Finally, for any s € R, the (symmetric) functions m* are nonincreasing on
R, and satisfy:

lim e™

§— —00

=0. (2.52)

o0

my, <mg(x) <g(x)<mi(x)<mj, VxeR (2.53)

Thus the one dimensional manifolds #; originates at s = —oco from ¢
and are time invariant. Each one of them is therefore described by a single
orbit of S, with time going from —oo to +oo. The two orbits are denoted
by m¥ and the parameter s is identified with time. Of course the origin of
time is arbitrary and this can be exploited to fix up the constants in such a
way that (2.52) holds, we refer to Section 6 for details on this point.

By integrating (2.52) from —oo to s we get m¥ ~ qie“v/\//:. Then,
by (2.9) and (2.49), m¥(x) ~ m(x+E*+e*) for h small and x<0. By
symmetry the result extends to x > 0. Thus the points in a neighborhood of
g that are in %/ are “droplets longer” than g while those in #_ are shorter.
Their length changes at the exponential rate A, which is therefore the
Lyapunov exponent at g, with #, the corresponding unstable manifolds.
Since A ~ A, for A small, there is a dormant instability, in the sense that for
small /4 (which is the case of interest in metastability) even though ultimately
unstable, the bump ¢ seems in fact stable for very long times (of order 27Y).

By (2.39) the critical droplet ¢ belongs to the interior of the channel
Z,,.x.0> for x large and A small enough. Then, according to Theorem 2.6,
a large part ¥~ of the invariant manifold #” is contained in &, , ;: it thus
consists of droplets with two well-separated transition layers whose loca-
tions evolve according to Eq. (2.38).



722 Butta et al.

Our last result concerns the global structure of the invariant manifold #".
More precisely we show that the sub-critical and super-critical droplets will
eventually go to the metastable and stable phase respectively: this is the
content of the next theorem proved in Section 7.

Theorem 2.12. Given f > 1 there is A' € (0, #*] (h* as in Proposi-
tion 2.9) such that, for any % € (0, 4],

lim |lm; —my |, =0, (2.54)
§—+00
lim m](x)=my, Vx e R. (2.55)
§—>+00

A Notation Warning. In Sections 3, 4, and 8 we shall denote by
C =C(k) a generic positive function of x whose numerical value may
change from line to line.

3. LOCAL ATTRACTIVENESS
We start with a preliminary lemma.
Lemma 3.1. For any x > 0 let 4; and ¢, be as in Theorem 2.5. Then,

there exists G = G(x) such that, for any h<e %, N>0, and m=n;+¢
€ F}, x.¢,» ONE has:

IS, (m) =nell, < (cre™ + N llpll) @l + Ne™< Ve <T, y,  (3.1)

with ¢, and w, as in Proposition 2.3 and

N
T, v =min< e*; ) 3.2
mu { G[1+N2(e-2“f+||¢||;)]} 32

Proof. Recalling that L,=L,, the function y,=S,(m)—n,
Yo = @, solves

Vo= o+ [ dse I f(ne+) — Le].
By (2.17) and (2.5) we then get:

t
W, —e*pl., <c, fo ds eI f ()l + Kz W, 11%)-
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By (2.22), since m(¢) =0, Y.l <y 9l + ¥, —e“pll,. Moreover, by
(2.12), (2.15), and (2.16), || f(n:)|l.. < Ce™™<. Finally, by (2.18), if t <e**
then 4.t < ¢;. We conclude that there exists G = G(x) > 0 such that:

v, —e ol <G [ dse+lgl +,—egl2)  Vi<e® . (33)
0

Given N >0, fix 1 <T,, y and let T < 7 be the first time when the inequality

. —e"pll., < N(e ™+ lollZ,) 34

becomes an equality. Then, by (3.3),
T
N(e™+lol%) < N(e ™ +lol%) T o-< N(e+ ol
m, N

We have thus reached a contradiction and hence (3.4) is valid for all 7z < 7.
By (2.22) and (3.4) the inequality in (3.1) holds for any ¢ < 7. The lemma is
thus proved. |

Proof of Theorem 2.6. We fix the parameter N of Lemma 3.1 such
that

4gc e /2oy — 1 Ty =— (3.5)

with ¢;, w, as in Proposition 2.3, ¢, g as in Theorem 2.5, and G as in
Lemma 3.1. We next define:

Q0 =1(1+e™™) =1+2cc /% p=]e /2 (3.6)

(note that @ > 1 and b < 1/2). We finally choose £, > ¢, large enough and
& € (0, & ] small enough that:

N(e™a4el) <1, Ne ™ <2G, cg+N@E+e ™)<, (3.7

TNe <b/2, cNe™/?<b/Q, e 2 < g /2. (3.9)
Let now m=n.+¢ € ¥, ., . By the first and the second inequality in (3.7)
we have T,, y > Ty foral me &, , with T, 5 asin (3.2). By (3.1) and the
third inequality in (3.7) we thus get ||S,(m)—n|,, <ég for all 1€ [0, Ty].
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Then, by Theorem 2.5, the function &(¢) = Z(S,(m)) is well defined for all
te[0,T,] and

1E() =&l <2 IS, (m) — nell,, < Ceo, (39
le®lle, < 1S, (m) —ne |l

< (c,e™ + Ngy) ||@ll,, +CNe */2e=3%/2, (3.10)

where @(t) = S,(m)—ng,, and we again used (3.1) for the last bound in
(3.10). By (3.9), (3.8), and (3.10) it easily follows that:

b b
IOl <3 (146" T0) fl, + 5 e

Moreover, by (3.9), 2be /2 < e73%®/2 for all t € [0, Ty]. Then, recalling
the definition (3.6) of Q > 1, we conclude that:

lo@ll <B(Q Il —e /%) +e7302 Vi e [0, T, @311

b 1
(Tl < 0 (@ llgll, —e™*4/2) *o e M2, (3.12)

We have thus proved that if me 9] ,, then S,(m)e%, ., for all
te[0,Ty] and ¢(z) = S,(m)—ng, satisfies the bounds (3.11) and (3.12).
It follows that S,(m) may leave & , ., at a given time t*e[0,T,] only
because &(z*) belongs to the boundary of I;, .. If this is not the case, since
the third inequality in (3.8) implies ||p(Ty )|, <&, then Sy (m) € &, .., and
we can repeat the same analysis for the solution in the interval [T}, 27 ].
Let n be the largest integer such that S,(m) leaves ¥ , , at t*>1t, =nTy,
setting n= +oo0 if S,(m)e &, , forever. Then, for any integer k<n we
iterate (3.12) getting

b* 1
(@l < ) (Q lp(0)]l,, —e~*472) o e W g = KT,

from which, using (3.11) with ¢ = ¢(#;), we finally obtain:
le()ll, < B*1(Q ll@(0), —e %) 702 Vie [1, 1],

which implies (2.37) with v = —(log b)/Ty. The theorem is thus proved. ||
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Proof of Theorem 2.7. Recalling (2.4),

f(n:+@) = f(n)+L:o+ R[], (3.13)
R[] =p(J = q))zjol ds(1—s) tanh"{B[J * (n.+sp)+h]}, (3.14)

so that, since 7.(L:@) = A:m:(¢) = 0, Eq. (2.34) becomes:

= n:(f(ne))+n:(R:[0])
n:(Oene) —Oeme (@)

By (2.5), (2.15), (2.22), (2.26), and the definition of &, ,, (2.38) follows for
a suitable 6* > 0. |

4. THE CRITICAL DROPLET

In this section we prove Theorem 2.8. Recalling (2.34) and (2.35) we
have thatm=n.+p € ¥ , , is a solution to f(m) = 0 iff (¢, @) solve:

f(n:+¢)=0, n:(f(n:+9)) =0, n:(p) =0.

We rewrite the above equations as follows. For eI, , we define the
projection 7; acting on L™ (R) by:

Top = Y7, ve. @.1)
Observe that by (2.18) and (2.22) there is C so that:
1Tyl <C Wl, Y e L2*(R). 4.2)

Then, using the expansion (3.13) and the fact that 7.(L.@) =0 we get that
Sf(n:+¢) =0iff (£, @) solve:

L:p+T.(f(n:)+R:[¢]) =0, (4.3)
m:(f(n)+R:[¢]) =0. (4.4)

We now proceed in the following way: we first show in Lemma 4.1
later, that there exists a unique graph & @ in a tubular neighborhood
S .. such that @. is solution to (4.3). Replacing ¢ by ¢, in (4.4) the

problem reduces to study an equation in the real variable .
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Lemma 4.1. For any x >0 there are ¢, € (0, ¢] and ¢; > ¥¢; such
that, for any h<e ™% and el ,, the map A.: L3"(R) - LI"(R)
defined by

A:(p) =—L;'T.(f(n) + R:[0]) 4.5)
is a contraction in ¥, = {¢ € LY"(R) : [l¢|.,, < &,}.

Proof. From (2.5) and (2.23) we have:

c
el < w—l [IT: f ()l + Ko Nl % 1
1

We write T, f(n;) =T.(f(n:)=V(&) O:n:) +V(E) T; Ocn:. From (2.15)
and (4.2) it follows that: |T;(f(n;)—V (&) 9:n:)|l., < Ce™ )¢, Since for
¢el,, , and, if h<e ™5, then he ™ < e, from (2.27) we get: [V (&)| %
IT; 0:n¢|l,, < Ce™®**+oV<. By the above estimates we conclude that there is
J > 0 so that:

IT: f (n)]l, < Ce™C+00<, (4.6)

Then, forany >4, h<e ™, ¢eT,,,andp e Y,,
e (@)l < - [Ce™ 4 ke @7
1

Moreover, recalling (3.14), there is k; > 0 for which, if ¢,, ¢, € Y,, then:
[R:Lo1 1 —Re[@2 ]l < Kse(1+¢) o1 — @2l
so that

ck

2 e(1+2) 9 —@sll.o- (4.8)
1

4 (1) — Ae(@2)ll, <
w

From (4.7) and (4.8) we conclude that, by choosing &, = 2Cc,w; e ®*9%
and {¢ > £; large enough, 4, is a contractionin Y, . I

Proposition 4.2. For any x > 0 there is ¢, > ¢, such that, for any
h < e ™", the graph & — ¢, is differentiable and

lpelle < Ce™@ 24 10l < Ce™ 4.9)

with J, =min{dy, J,, 2a} (J, and J, as in Theorem 2.2 and Lemma 2.4
respectively).
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Proof. Since ¢; is the fixed point of the map (4.5), the bound for
locll, follows immediately from (4.6) (with 6, =J). Moreover, since the
r.h.s. of (4.5) is a continuous function of £ and ¢, the continuity of & — ¢,
is also straightforward.

We next study the equation for .¢. which is obtained by differentiat-
ing (4.3) (for ¢ = @) w.r.t. £. We shall prove that for any x > 0 there is
£, = £s such that it has a unique solution for any £eI,,. By standard
arguments this solution defines the derivative 0, ¢,.

Let G: =—(f(n:)+R:[¢:]), so that ¢, solves L.¢. =T.G:. By dif-
ferentiating (recall (2.26)) we get:

L¢ 0:ps +0: ped * ¢
By substituting G; = L:¢; +n:(G;) v, in the term 0.7m:(G;) we have:
L:0:pr = —0:peJ * @+ T 0:Gy —m(Gy) T, 00,
Observing now that, by (2.20), 7,(0:v:) + 0.7 (v:) = 0 we get
L: 0:ps = T:[0:G; — 0z peJ * 9 —1e(Gy) Ocve) 1+ A:H(E) vy, (4.10)

with
1
H() = T [7:(0; peJ * @)+ 0 (Lepe)]
4

o.v. 0
g 1) | v e (BT ) L

— =5 [ e+ e T ), @11)

In the last line we used the definition of L, and that, since 0,v,, J, and ¢,
are symmetric functions, then:

f: dx 0:0:(x) J * @g(x) = j:o dx @:(x) J % 0:v:(x).
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Now, by differentiating L.v: = 4.0,

J % 0:v; = dﬂf % +ﬂ.5 aéi——afpé J v¢+%,
dé p P Pe Pe
so that
dis v O:v; 0
H(é)———j dx gy(x )( TR jfz’f L&)(x).
¢ ¢

Using again L.v: = A:v. and observing the first term on the r.h.s. is
proportional to 7:(¢,) = 0, we finally obtain:

1) == dx gy L= )i, @12)
Recalling now L; = Dfl,,é and (3.14), we have:
0:G:=—L;0n: + K.+ Z.J % 0:¢;, 4.13)
where

K. =BT+ jol ds s(1 —s) tanh”{ [T * (n, +50,) +h1} T % Oz,
(4.14)

=28 + @, f ds(1—s) tanh"{ B[J * (n; +s¢:)+h]}

—B3(J * gpé)zfol ds s(1—s) tanh”{B[J * (n: +s¢:)+h]}. (4.15)

Observing that T.L, O:n: = L.T; O;n:, from (4.10) and (4.13) we obtain
0., by solving the linear equation y = Uy + g,, where:

Uy = LEIT§Z¢J * Y,
8: = L' T[K—0; peJ * 9 —n:(Gy) Ov 1+ H(E) v = T; One.
From (2.23) and (4.15) ||U¢||,, < C |l¢¢|l., hence, by using the first bound in
(4.9), there is ¢; > {5 such that |U|, <1/2 for {eT,,. Then for such
values of ¢ the equation has a unique solution 0, = (1—U;)™' g.. The

continuity of & 0.¢. follows from that of &+ U; and & — g,, which can
be easily proved.
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We are left with the second bound in (4.9). Since 09|, <2 ||g:]l, We
have only to prove an analogous estimate for the known term g.. From
(2.22), (4.14), and (2.23),

lgelle < Cl@el% +1@elle +1me (Gl + H(E)] +110:m: — m(Dene) vl ),

where we have used ||0; p;||,, < const [|0:7|,, and (2.14), and |0 v, |, < const,
which follows by (2.18) and (2.25). Recalling G; =—(f(n:)+R:[¢:]),
(2.5), (2.15), (2.16), and (2.22) we have that |7:(G;)| < C(e >+ ||¢¢ll)-
From (2.24), (2.25), and |0, p¢|l,, <const, we also have that |H(&)|<
C ||l@¢ll..- Then, from the first bound in (4.9), (2.27), and the previous esti-
mates, we conclude that ||g.||,, < Ce ™™2%}¢ The proposition is thus
proved. ||

To conclude the proof of Theorem 2.8 we are left with the equation
P(&) =0, where P(&) =m:(f(n:)+R:[p:]). We first observe that from
(2.15), (2.16), Lemma 2.4, and Proposition 4.2, for any x >0 there are
£y > £, such that |[P(&)—V(&)| < Ce )¢ for any h<e ™% and ¢e T ,
(recall 6, = min{dy; J;; 2a}). We then have:

P(0) < —(uK—Ce™") e™>*+2my ph,
P((20) " [log Al +x) = [u(2my — Ke ) — Ce™ =+ xp@a " o] py.

Let x, > 0 be such that 2m/,—Ke’2”‘° =m; and, for any x > k,, let £, so
large that uK—Ce "% > uK /2. Then, for any k >k, and £ >/, there is
h,. , such that, for any h<h, ,, we have P(¢) <0 and P((2x)" |log | +x)
> 0. Since the function & P(&) is easily seen to be continuous (actually
differentiable) it follows it has at least one zero in I, , for any 4 small
enough. In order to prove uniqueness it is sufficient to show the function
is strictly monotone. Recalling G: =—( f(n;)+ R:[¢,]), using (4.13), and
viL; = A:v} we have:

P'(&) =Aen:(O:n:) —n:(K;+Z:J % 0:0:)+0:m:( f (1)) +0:m:(R:[ 9, ]).

From (2.22), (2.26), (4.14), (4.15), and Proposition 4.2, it follows that, for
allh<e ™ andéel ,,

In: (K + Z:J % 0:0)| + |0:me(Re[ @ ])| < Ce 20+,

On the other hand, from (2.15), (2.16), and using (2.29), |0:7:( f(n:))| <
Ce ®+%)¢ From (2.18) and (2.28) we conclude that

e ¢

o/

P& = (1—Ce™).
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Then, for any x >k, there is £5 > ¢, such that, for each h<h,,, the
equation P(¢) = 0 has a unique solution on [, ,. Theorem 2.8 thus follows
with ¢ equal to such a solution, @ = ¢;, and h, =h, ,. We have only to
check the limits (2.39). By our choice of ¢, and since £5 = 4,

K, 45>

K
p(£)<—”7e—2“€+2mﬂﬂh Vel ,, Vh<h

which implies & > +oc0 as 4| 0. On the other hand, since |[P(&)—V(&)]
< Ce—(2a+52) f,

eV (&)| = |2my phe™ — uK| < Ce ™",

Letting 4 | 0 in the above inequality we thus obtain the first limit in (2.39);
the second one then follows by the first bound in (4.9). ||

5. SPATIAL PROPERTIES OF THE BUMP

In this section we prove Proposition 2.9. The critical droplet is
uniquely determined by its restriction to the semi-space R, , which solves

¢(x) = tanh{f[(J,q)(x) +h]},  xeR,, (5.1)
where, for any u € C(R,),
+0o0
()= [ dy e u(y), Ty y) = (=) I (x+).
(5.2)
Observe that, since J is nonincreasing on R,, J,(x, ) =0 for all x, y > 0;
moreover, since sup{x € R:J(x) >0} =1, if x > 1 then J,(x, y) =J(x—)
for all y > 0. Let m+ be as in Theorem 2.1. Since (1 —mfg) <1, from (1.3)
and (2.9) there are 6¢€(0,1), h €(0,h,], and a positive integer £*e€
(1, £*—1) such that:
B(l—ma(x)*) <6 Vix—E¥=£*—1, Vhe(0,h]. (5.3)
On the other hand, recalling the definition (2.42), (2.9) implies

lhlfrg lp— B =), = 0. (54
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From (5.3) and (5.4) it follows there are d € (4, 1) and hk, € (0, #,] such
that, for £* e (1, é*—1) as before,

PSS V=& L —1, Vhe(0,h,]. (5.5

Lemma 5.1. Let he (0, 4,], k, and £* be as in (5.5). Then, for each
ke[0,E*—¢*] and s = E*+£%, we have:

(@ =] dyHx () Vxel0h), (56)

()= dyKxq()  Vre(s +oo), (5.7)

where H,(x, y), x € (0, k), and K,(x, y), x > s, are nonnegative continuous
functions of y, strictly positive for some ye[k, k+1], ye[s—1,s],
respectively.

Proof. We start with the proof of (5.6). We differentiate (5.1) at
x € [0, k), obtaining (recall (5.2))

¢ =p) [ dy T (7)) d M +p) [ dy T (5, 9) 4.

After N iteration we get

(@=[" &y HO® N ¢O)+[ dyDPE NI (59)

where

N

H(x,p)= Y DP(x,»),  D(x,p)=p(x) I (x, ),

n=1

and, for n > 1, setting x = y, and y = y,,

k k "
DY (yo. )= dyi-- [y T p(3io0) T (311, 22):
i=1

The assumptions on J imply

0<J (%, y)<J(x—y), J.(0,»)=0 VxyeR,. (59
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From (5.5), (5.9) and recalling p(x) = B(1 —g(x)?), we get
0 <D (Yo, ¥a) <" (Yos ¥a)- (5.10)

Since J"( y,, ¥,) is a probability density and ||¢’|,, < oo, the second integral
in the r.h.s. of (5.8) vanishes as N — + oo and we obtain (5.6) with

H(x,y)= ), D{’(x, ), (5.11)
n=1
and the series converges exponentially fast. Clearly H,(x,-) is nonnegative
and continuous. Moreover it is strictly positive for some ye [k, k+1]
because, for all x > 0, sup{|y—x|e R, : J_(x, y) >0} >0.
The case x > s can be treated in the same manner, getting

o]

Ks(x’ y) = Z Rfvn)(x’ y): R_(vl)(x’ y) = p(X) J(X—y), (512)

n=1

where, for n > 1, setting x = y, and y = y,,

+00 +00 i
ROy =] dy [ dy ] pi) I —). - (G.13)
s s i=1

In (5.12) we used that J_(u, v) =J(u—v) foru>s>1landv>0. |

Proof of the Monotonicity Property. We first prove that there is
h; € (0, h,] such that

g(x)<0  V|x—&* < VYhe(0,hs]. (5.14)

To prove (5.14) we differentiate (5.1) for |x—¢&*| < £*. Recalling J, (x, y) =
J(x—y) when x+y > 1, we get,

q'(x) =p(x)(J * q)' (x) = p(x)(J" * (q—mex))(x) + p(x)(J * M) (x).
(5.15)

Since . is strictly decreasing on R, from (2.9) we get (5.14).
From (5.14) and Lemma 5.1 it follows ¢'(x) <0 for all x>0 and
h € (0, h;], thus getting the monotonicity property of the bump. |

We will prove Proposition 2.9 with 4* = h;. We are thus left with the
proof of (2.41). We follow the same strategy used in Section 3 of ref. 9. In
fact large part of that strategy can be adapted to our context without
modification. We first need a weaker result.
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Lemma 5.2. There are # > 0 and ¢ > 0 such that
7' (x)| <ce™ %)  V¥xeR,, Vhe(0,h*], (5.16)

where &, = £, () is the (unique) positive zero of the bump.

Proof. By the definition (5.13), R™(x,y)=0 if x>n+s and ye
[s—1, s], and it satisfies a bound analogous to (5.10). Then, from (5.7), for
any x> s > &*+£*, we have

g N<Blg e Y 0" <67 Bllg e "xl (5.17)

nzx—s

Let £, be the (unique) zero of g(x) in R,. By (2.9) m(&,) =m(E*—¢&,)
vanishes as / | 0, hence

lim [&,(h—&* () ]1=0. (5.18)

In particular (5.18) implies there is £ < co such that
EHL=E 0t Vhe [0, h*]. (5.19)

and (5.16) follows from (5.17) with s =&, +£. |1

From (5.7), we have, for each s > ¢,
¢+e)=[ dyG ) gd(r+E).  Vhe AT, (520)
where, setting p; (x) = p(x+¢,),
Gen =3 [Ty [y T ) I =r0. G2

We observe that P, (x) is a strictly decreasing function of x for x > 0,

P2, (¥) > inf p; (x) = p = B(1—(mj ) < 1 (5.22)

and, by Lemma 5.2, there is ¢’ > 0 such that

P (x) < potce™,  Vhe[0,h*]. (5.23)
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In Theorem 3.1 of ref. 9 the asymptotics of m'(x) follows from an
analogous (to (5.20)) expression for m'(x), where péq(x) is replaced by
Pa(x) = B(1—m(x)?) in the definition of G,(x, y). The proof does not
depend on the specific form of the function p,,(x), but only on the mono-
tonicity property and the analogous of (5.22) and (5.23). Then a result as
Theorem 3.1 of ref. 9 holds in our case. We conclude that there exist M >0
and J € (0, y), y as in (2.40), such that

lim e™q'(x+¢,)=—-M, lim e‘s"(ey"q’(x+§q) +M)=0. (5.24)
X —+00

X —+00

As in ref. 9 the constant M is nonzero because of the monotonicity prop-
erty of ¢'(x). Moreover, since 0 < p,, <1 and (5.23) holds uniformly in 4,
the constant M = M (%) appearing in (5.24) remains bounded away from 0
ash | 0.

Analogously we obtain (2.41) (with 4 = My~") from (5.24) by arguing
exactly as in the proofs of Theorems 3.2 and 3.3 of ref. 9 where (2.7)
follows as a corollary of Theorem 3.1 of ref. 9. We omit the details. ||

6. THE INVARIANT MANIFOLD v~

In this section we prove Theorem 2.11, i.e., the existence of a one
dimensional, invariant, expanding manifold %" in C¥*™(R;[—1, 1]) con-
sisting of two branches that originate from the bump gq.

For he (0, h*] (h* as in Proposition 2.9) let L, A, v be as in Proposi-
tion 2.10. We next derive some properties of the evolution S,(q+u,) start-
ing from an initial datum q+u, with u, small. We set u, =S,(¢g+u;)—q.
Since S,(¢) = g and f(g) =0 we have

d,
= Lu+[f(q+u)—f(@)—Lu], (6.1)
which implies
u, = e+ [ ds XL f(g+u)— f (@) = Lu,]. (62

Then by (2.5) and (2.47) (with ¢ = 0)

Ity — eVl <C, [ dse™ 0wl C=Ch.  (63)
0
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Lemma 6.1. There is N > 0 such that if 4, € L (R) satisfies

o(uy) = % log m >0, (6.4)
then, for all 1 < o(u,),
llt, — e“ug |, < N(e™ flugll.o)? (6.5)
and, with C, as in (2.47),
et ll.o < (1+Cy) e Nl o (6.6)

Proof. The lemma will follow with N =4C,A~!. We prove (6.5) by
contradiction. Fix t < a(u,) and define p, = e* ||uy]|,,. Let T < 7 be the first
time when the inequality (6.5) becomes an equality. Then, by (6.3) with
t=T,

T
N(e Jlugll,)* < G fo ds e[ e™ llugl., + N(e* lluyll.o)*1*

S G(1+Np)? 27 (e ugll)® < N(e™ lluoll.0)?  (6.7)

where in the last inequality we used Np, < 1. We have thus reached a con-
tradiction and (6.5) is proved for all ¢ < 7. Hence, by (2.47),

et Nl < Cre™ g, + N (™ lltllos)* < (1+Cy) € gl (6.8)

for all t < 7, and Lemma 6.1 is proved. |

We use in the sequel the following notation. For v, N as in Proposi-
tion 2.10 and Lemma 6.1 we denote by p any positive number such that
Np v, <1 and define

1
Vitqten,  se[0p],  (p.e)=logt. (69)

We observe that +ev, ¢ € [0, p] satisfy the hypothesis of Lemma 6.1 and
that 7(p, ¢) <o(+tev), o(-) as in (6.4). Hence, for any # < t(p, ¢),

IS, (¥ +.) — (g £ e*ev)l, < N(eMe [lvll,,)? (6.10)

IS, (¥ 1) —gllo, < (1+Cy) ee [l (6.11)
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Theorem 6.2. For any A€ (0, A*] (h* as in Proposition 2.9), there
are p >0 and w¥ e CP™(R), s <0, such that, for any s <0,

181?(.]1 "S‘t(p, e)+s(¢is) _Wsi”oo =0. (612)

Moreover

lim [wf—gq|l,=0; Swi=wi, if s+r<0. (6.13)

A uniformity in s <0 of the limit (6.12) is proved in Proposition 6.6
later to which we refer for a precise statement.

Proof of Theorem 6.2. 'We will next prove that if p is small enough
then {S,, ,(¥..): €€(0, p]} is a Cauchy sequence as ¢ | 0. Without loss
of generality we restrict to the case with the plus sign. Observing that
Y, = g+e*@¢'y for any 0 < ¢’ < ¢, by (6.10),

ISee, ) W) = Welloo < N [0l &2 (6.14)

We thus need to compare S,(y,) and S,(##1), t < 7(p, ¢€), for all functions
such that

V=l <N ol &2 (6.15)
Let
A4, =8S,(y,)—S,(m). (6.16)
By (2.5) we have
B LA +RD,  IROY, <k, 4,12 6.17)
dt Ve

Since ||L,,,,4— L, 4| < ¢ |4l [|4]l, With ¢" a suitable constant, by (6.11)
there is C, so that

RSZ) = LS,(I/IS)At —L4, ||R52) e <Csp 4]l Vi<t(p,e). (6.18)

Thus

4, = ey + [ ds e I[RY+ RV]. (6.19)
0
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Then by (2.47) and the bounds in (6.17) and (6.18), for any 7 < 7(p, &),
4l < Cie¥dy+C, [ ds eXILCsp 4,1+, WAL T,
By iteration and recalling (6.3), for * = A+ C,C; p, we have:
14,0 < Cre* 4y +C, L’ ds e |42, (6.20)

Setting W,ie‘ﬂ*’ |4, and using (6.15), from (6.20) we get, for all
t<1(p, ),

W, <C,N o] &+C, j ds w2, (6.21)
0
which implies:
W,<ce® Y (ce)",  c=C(1vCy) N [lo]%. (6.22)
n=0

Since ez(p, ¢) > 0 as ¢ | 0, we can choose ¢, € (0, p] so that the series con-
verges and W, < 2ce” for all ¢€ (0, ¢ ] and ¢ < 7(p, €). We choose p small
enough so that C,Csp < 1/2, ie., e"*»9 < (p/e)*% Then, recalling (6.9)

and the definition of W, we get, for C, = 2cp*/?,

14,0, <Ci/e, Vee(0,e]1, Vi<t(p,e). (6.23)

By (6.14) and (6.23) we conclude that

1S:65. ey W)= Seir o Wolle S Cs /e if 0<é' <e<e, (6.24)

which shows {S,, ,(¥,)} is a Cauchy sequence as ¢ | 0 for all p small
enough. The same argument shows that also S, ,,,(¥.,) is a Cauchy
sequence for each s<0. Then S, ,,,(¥.,) converges in sup norm as
£} 0 to a function w¥, hence (6.12). Moreover if t+s<0, >0, then
St(Sr(p,e)+s(¢e))=St(p,£)+s+t(lps)' By (22) for each t>0’ St(m) depends
continuously on m, thus S,(S,, ,+s(V.)) — S,(w¥) as ¢ 0. On the other
hand S, .. (¥,) > ws, as £|0, hence S,(wf)=wf,, proving the
second relation in (6.13). Finally, from (6.11),

ISep, 4: (W 2e) =l < Cse®,  Cs=(1+C) plv].os (6.25)
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from which, letting ¢ | 0,
W =gl < Cse”, (6.26)
proving the first statement in (6.13), Theorem 6.2 is proved. ||
Proof of Theorem 2.11. The manifold
W=WrToW", WE={S,(wi):s<0<1} (6.27)

and both its branches # * are invariant under S, which is invertible on
W *. By (6.13) # * originate at s=—oo from ¢. Recalling (6.9), from
(6.10)

IS:p. 45 (W 1) — (g e*po)l, < Cee™,  Co=N(p|vll,)’  (6.28)
from which, letting ¢ | 0,
Iwe —(gxe”pv)ll., < Coe™. (6.29)
Next, by (6.1) and recalling that f(q) =0,

+
dw?

= L{wE —(ge*po)] 22 po+ [ (wE) — £ (@)~ L(wE =),

(6.30)

Denoting by ||L||,, the norm of the operator L (which is finite), by (2.5),
(6.26), and (6.29) we have:

< Cre®, C; = |L|l, Cs +k2C§- (6.31)

[ee]

~F depv

dw?
ds

Recalling that v(x) ~ @' (£*— x) in the sense of (2.49), we set

1
Sp: pert=—=,  mf=wi, . (6.32)
Ju
Then (6.31) implies
dm* 1
Hﬂ File* —v| <Ce?,
ds \//; o

which gives (2.52).
The proofs of the monotonicity property of m* and of the bound (2.53)
will be given in Proposition 6.5 later, Theorem 2.11 is then proved. ||
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We need the following properties of the flow S,.
Theorem 6.3 (The Comparison Theorem™). Let m, e L, (R)
be such that m(x) < A(x) for all x € R. Then S,(m)(x) < S,(A)(x) for all
(t,x) e R, xR.

Lemma 6.4. Let me L3™(R) be a nonincreasing function on R,.
Then S,(m) has the same monotonicity property for allz e R, .

Proof. The flow solution S,(m) solves the integral equation
S.m) = e~'m+ "ds e~ tanh{B[J * S,(m) +h]}.
0

Since J is smooth, the function g,(x) = S,(m)(x) —e'm(x) is differentiable.
Further its spatial derivative g)(x) is an antisymmetric function which
satisfies, for any x e R,

g/ = [ ds p, (g3 +2(x),

. B
Pe = Cosh{ B[ T + S,(m)+h]}’

(6.33)

z, = L: dse 'p,(J_*m).

To get (6.33) we used that, since g, is differentiable, and since both g, and
m' are odd functions,

d
I xS (m))=Jxg.+e>Txm' =J_g.+e*J_m,

where for any function ¥ on R,, J_u, is defined in (5.2). By iteration of
(6.33), calling (¢, x) = (s,, X,), We get

gi(x)= g:l LSO ds, .“j:"*l ds,

+o +o0 n-l
x| [T dx [T P T (ks X)) 2, (5. (6.39)
0 0 k=1

From the fact that J_ > 0 and m'(x) < 0 for x > 0 it follows that z, is a non-
positive function on R,. Since J_(x, y) and p,(x) are nonnegative for
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x, =0, we conclude from (6.34) that also g} is a non-positive function
on R,. Then S,(m) is nonincreasing on R, because sum of two functions
with this property. The lemma is proved. []

Proposition 6.5. For any s R, the symmetric functions m¥ are
nonincreasing on R, and (2.53) holds.

Proof. Since the difference between m* and w? is only a time shift,

see (6.32), it is enough to prove the proposition for w.

We start with the monotonicity property. We use Theorem 6.2 and
Lemma 6.4. Thus the first step is to show that for ¢ small the functions
V., = gt ev are nonincreasing on R, . To this purpose we first notice that,

by definition of v,

v'(x) = —% 9(x) ¢'(x)(J % v)(x) +1% (J x0)(x).  (6.35)

By (2.46), for a suitable constant Cs,

sup |e*v'(x)| < Cq sup e’ v(x) < co. (6.36)

x>1 x>1

Then from (2.41), since y, >y, we get

v'(x)
q'(x)
For xe[0,1], since ¢'(0) =0, we need to show that ¢”(0) # 0. This is

easily seen by noticing that since ¢'(0) =0 and both J' and ¢’ are anti-
symmetric functions,

sup

x>1

<. (6.37)

¢'(0)==28(1=q(0) [ dy J'(7) 4'() <0, (638)

In the last inequality we used that, by our assumptions on the function J
and Proposition 2.9, J'(x) ¢'(x) >0 for x e (0, 1). From (6.37) and (6.38)
we then get

v'(x)
q'(x)
Lemma 6.4 and (6.39) imply that for any s < 0 there is ¢, € (0, p] such that
{Sup.04s(W1.): 6€(0, &1} is a sequence of nonincreasing functions on R, .

sup

xeR,

<. (6.39)
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Hence from (6.12) the same property holds for w¥, s <0. Then the mono-
tonicity property of w¥ for all s € R follows from Lemma 6.4.

We are left with the bound (2.53). Since g solves (1.2) and it is strictly
decreasing on R*, it follows that mj , < q(x) <mj, for all xe R. We also
recall that g satisfies (2.41). Since v is a positive function which satisfies
(2.46) with y, > y, we conclude that, for all & small enough,

My, SY_,(x) <g(x) <y (x) <mp,. (6.40)
Then (2.53) follows from Theorem 6.2 and the Comparison Theorem. ||

We conclude this section by proving Proposition 6.6 below, which is
a stronger version of Theorem 6.2, since we show that the curves {w{}
are the limits, in sup norm, of the curves S, , 5,%; where, for any 6 >0,
s = {Y,: 0<e<d}.

Proposition 6.6. Let >0, s<0, and &(s) = e*5. Then:

161{13 sup ”S‘r(p, 5)(¢i5(~v))_wsi”°° =0.

s<0

Proof. Without loss of generality we restrict to the case with the
plus sign. We need to show that for any # >0 there is J, >0 so that
125, 5 (Vo) —wi llo <7 for any J <6, and s <0. We approximate w; by
S,(y,) for suitable values of ¢ and #: given s< 0 let & be such that for
g€ (0, &]

I 5 W) =0 oy <7 (6:41)

For 6 < p we have S, ,)..(¥.) = S, 5 (Su. 0 (¥:))- By (6.10),

||S‘r((5(s), £) W) — ‘/’5@) . = ||Sz(§(s), €) W.)—q—e 06, 8)30”00
<N ||v||§O 5(s)2. (6.42)

We define D, = S,(¥s(,)) — S (Ses, 0 (¥:))s s0 that

||D‘!(p, 9) "oo = ||S1(p, s)+s(¢e)_Sr(p, (5)(‘#(5(.9))”00' (643)

The analysis of D, is identical to that of 4, in the proof of Theorem 6.2. In
fact, by comparing (6.15) with (6.42), we see that D, satisfies the conditions
defining the function 4, in (6.16) when the parameter ¢ appearing in (6.15)
and (6.16) is replaced by d(s). Then the bound (6.23) applied to D,
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becomes: ||D,|., < C,+/d(s) for any € (0,¢ ] and t<7(p, d(s)), which
implies: || D,, 5., < C, \/S for all 6 € (0, ¢, ]. We then choose J, € (0, &, ] so
small that C, \/5: <#/2, and by (6.41) and (6.43) we have that, for all
0<9,,

"S‘[(p, 6)(‘//6(:)) - W: "oo < ||S1(p, s)+:(¢s) - W:— ”oo + "S’[(p, s)+s(l//£) - Sr(p, 6)(¢6(s))"oo
<.

Proposition 6.6 is thus proved. ||

7. GLOBAL STRUCTURE OF 7~

In this section we prove Theorem 2.12. To this purpose we will define
suitable functions Q) < ¢ < Q,, a a small parameter, which are close to ¢,
see (7.9) later. We shall prove that the functions m} (resp. m)) at a certain
time s are above Q, (resp. below Q). Then, by the Comparison Theorem
it is enough to study the evolution of QF. Using the spectral properties of
the linear operator L, we show that, for a time interval 7, ~ |log a|, the
evolution S;.(Q;) (resp. S;(Q.)) can be bounded from above (resp.
below) by the same functions Q7 (resp. Q) suitably translated in space,
see Theorem 7.2 later. Thus, we can iterate the argument getting bounds
at longer times which, combined with general properties of the flow S,, lead
to the desired result, Corollary 7.3 later, from which Theorem 2.12 will
follow.

In the sequel we shall need a more refined a priori bound on the
evolution around the critical droplet, which is the content of the following
lemma.

Lemma 7.1. There is K>0 such that if u, =S,(g+u))—q, u, €
L (R), then, for all (¢, x) e R, xR,

j1,() —e o (0| < K [ ds €4 x ePup)? )+ KR [u], (7.1
where

R [ul=e" sup {lul3 +llullo llu,—e“ugllo + llu,—e"uo|l2}.  (7.2)
se[0,1]

Proof. Recalling that u, solves (6.2) and g solves (1.2) we have

3

Sg+u)—f(q)—Lu, = D(J = us)2+§ tanh”(0,)(J *u,)’,  (7.3)
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where @(x) =— B%q(x)(1—q(x)*) and 6, is a number in the interval with
end-points f[J x g+ h] and B[J * (g+u,)+h]. Then we rewrite (6.2) as:

u, = ey, +Lt ds ™= D(J * e“uy)*+ R[u, 1], (7.9
where, using (7.3),
3
Rlu]=D[(J *u,)*—(J * e"uy)?] +% tanh”(0,)(J * u,)>. (7.5)

Since @ is a bounded function on R, the first integral on the r.h.s. of (7.4)
is bounded by the first term on the r.h.s. of (7.1) with K = ||®||,,. We next
rewrite the square bracket on the r.h.s. of (7.5) as

(J xu)*—(J * eXuy)* = [J * (u, —e™uy) 1>+ 2(J * e™up)[J * (u, —e™uy)].

Then, using tanh™ is bounded and J has compact support, from (2.47) we
have, for any K large enough,

W
0

<KA[u].

The lemma is proved. ||

Warning. For the rest of the section we shall denote by C a generic
constant whose numerical value may change from line to line.

Let y and A be as in (2.40) and (2.44) respectively. We fix § and R,
such that

0<d<i, 3<yRy<2-40, (7.6)

and we set, for any a € (0, 1],
.9 . . 1-5/2
T,= 7 [log al, R, =R, |loga], 4,=a . 7.7)

Recalling (2.44), (2.45), and (2.48), there exists an / € (0, #*] such that

(y,—7) Ry \?1 and A 'w>3  Vhe[0,h]. (7.8)
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We define the symmetric functions
O%(x) = g% (x) 1, <r, +[mg, +a*?] lysr,» (7.9
4. (x) =q(xl+a),  q,(x) =4(0) Ly, +q(x|—a) 1.,.  (7.10)

Theorem 7.2. Let he[0,h] with % as in (7.8). Then there is
a, € (0, 1] such that, for any a € (0, a,],

Sr(Q(X) < Qi (x+4,),  Sp(Q.)(x)= Q. (x—4,), (7.11)
with 7, and 4, as in (7.7).

Proof. From Proposition 2.9 there is a constant ¢ such that |g”(x)|
<c|q'(x)| for any |x|>1. Then, by expanding to second order gZ(x)
around g(x) for |x| > 1, and using ¢/ (x) < g(x) < g, (x) for all xe R, we
have for any a small enough,

) <IR+30ED e 426029343 1or- (112)

Observing ¢'(|x]) = —|q'(x)| for any x € R, if we define
P(x) =31q' ()| 151, (7.13)
from (7.9) and (7.12) we obtain:
07 (x) <q(x)—ap(x)+[my ,—q(x)+a**+ap(x)] 1z, (7.14)
0. (x) = q(x) +ap(x) +[my ,—q(x)—a**—ap(x)] 1y r,-  (7.15)
Moreover, from (2.41) and (7.6), for any a small enough,
Imy ,—q(0)|+alp(x)| <3a*? Vx> R,
so that, if we define
Uj(x) = $a(p(x)i%a3/21|x|>Ra, (7.16)
from (7.14) and (7.15) we get, for any a small enough,

0,(0)<q0)+U5(x), 0, (x)=24q(x)+U;(x). (7.17)
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We shall now obtain good bounds on S;(¢+U ¥). We can apply
Lemma 7.1 to Uf = S,(qg+U%)—gq, getting:

|UE—e"Uf| < Kr ds e"'™(J x e"UF)*+ KR [U*]. (7.18)
0

We will use (7.18) to estimate U % , by analyzing separately the various
terms.

—0

Estimate on e'’=U;. Since e” = a, see (7.7), we have

3/24 LT,

UG =F a'~’n(p) v F ae™[p—n(p) v]£;a Lysg, (719

where, recalling the definition of (- ) and (7.13),

o) =], dx 53l (0] >0 (7.20)

From the spectral gap property (2.48) and (7.8),
le“ Lo —n(e) v]ll. <e™" o —n(p) vll, < Ca’. (7.21)
Analogously we estimate:

eLT”1|x|>Ra = a76”(1|x|>Ra) U+3LT”[1|x|>Ra —n(lysz,) V]
<Ca¥>, (7.22)

where we used 7(l,.z )< Ca”* with y,R,>yR,>3/2. From (7.19),
(7.21), and (7.22) we obtain:

le* Ut +a'°n(p) v| < Ca®~°. (7.23)

Estimate on [[= ds e"==*'(J x e**U;)?. Using (2.47) with { =0 and
(7.22), we get, for any a small enough,

7,
L} ds eXTa=I(J x U )2

7,
< Cazf ds XTI (J x eXp)?
0

Fa(J %P lys g )2 +-/a(J % ePp)(J x "1 y5 )]

T,
<Ca* ¥ +Ca j ds eX =] « eBp)[(J % eBp)+a?~%].  (7.24)
0
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Now, recalling the definitions (7.13) and (2.43), from the asymptotics (2.41)
it follows that ¢ € X,. Since y <y, we can use (2.47) with {=y. Hence,
since J has compact support, |(J *x e“p)(x)| < Ce” 7M. Therefore, by
applying again (2.47) with { =y,

T,
J ds e"T=9(J x eXp)? < CaPe "W,
(1]
so that from (7.24), for all a small enough,
T,
j ds eX0=(J % eBUE)? < C (a2 Pe M 4 a*-2), (7.25)
0

Estimate on #,[U*]. We use Lemma 6.1 to obtain a priori bounds.
Since |U%|, < Ca, comparing the definitions (6.4) and (7.7) and using
d < 1 we conclude that for all a small enough g(U%) > T,. Therefore from
(6.5) and (6.6)

10, <(1+Cp)a'?,  |UF—e"Usll, <Na*®  Vt<T,. (7.26)
Recalling (7.2), from (7.26) we get
R [UF] < Ca*™*, (7.27)

Collecting (7.18), (7.23), (7.25), and (7.27), we conclude that, for any a
small enough,

UZ (x)ta'’n(p) v(x)| < C(a> Pe "M +a>%). (7.28)

Therefore, from the Comparison Theorem and (7.17), recalling UT =
S,(g+U¥)—gq, we finally get

S (Q)(x
Sr,(Q.)(x

Next we shall find good bounds on Q(x+4,). We first observe that,
since 4, <1, |x|]<R,—1 implies |x+4,| <R, while |x| > R,+1 implies

|[x+4,| > R,. Moreover, from (2.41), (7.6), and (7.10), |q;—r(xiAa)—m,},h|
<a®*?if R,—1<|x| < R,+1 and a is small enough. Hence:

< q(x)—Cl[a'%v(x)—a* e "M —a’~*], (7.29)
=

)
)= q(x)+Cl[a'%v(x)—a* Pe "M —a’~*]. (7.30)

Qi(x+4,)=>q;(x+4,) Ly<r,+1tmg, +a’?] Lysr, +15

0, (x—4,)<q,(x—4,) 1|x|sRa+1 + [m;;h _03/2] 1|x|>Ra+1'
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Now we notice g, (x+4,)>q,, 4 (x) and g, (x—4,) <q., 4 (x) for all
x € R. Moreover, since |¢"(x)| <c |q'(x)| for [x| =1, by expanding to the
second order for |x| > 1 and to the first one for |x| < 1, we get, if a is small
enough,

Qava,(X) Zq(x)—(a+4) Y(X),  qars,(x) <q(x)+(a+4,) Y(x),
(7.31)

where

Y(x) = 2[g' O+ 119" llzo 1y<1 ], (7.32)

hence

Qi (x+4,)=[q(x)—(a+4,) Y(x)] Ly<r,+1tmg, +a*?] Lo g, 415
(7.33)

0, (x—4,) <[q(x)+(a+4) Y(x)] 1y <r,+1+[mg, —a’?] Lysr,+1-
(7.34)

We can now conclude the proof of the theorem. We consider first the
case |x| < R,+1. Since v is strictly positive and obeys the asymptotics
(2.46), and ¢ satisfies (2.41), from (7.8) and (7.32) we have

o(x) > Ca’’*W(x)  VIx|<R,+1. (7.35)

On the other hand, using (7.6), a* %e7"M4+a** < Cay(x) for all |x| <
R, + 1. Therefore, for any a small enough,

a'“v(x)—a?> Pe M —a> ¥ > Ca' ¥ *Y(x)  V|x|<R,+1. (7.36)

Since (a+4,) a~'**/* vanishes as a | 0, (7.11) for |x| < R, +1 follow from
(7.29), (7.30), (7.33), (7.34), and (7.36).

Finally we consider the case |x| > R, + 1. Using y,R, > yR, and (7.6),
from (7.29) and (7.30) we get

lim a7 sup |S;(Q¥)(x)—my,|=0. (7.37)

alo Ix|> R, +1

Then (7.11) for |x| > R,+1 and a small enough follow from (7.33), (7.34),
and (7.37). ||
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Corollary 7.3. In the same hypothesis of Theorem 7.2, there is
a, € (0, ay] such that, for any a € (0, @, ],

Tim {1S,(Q5) =4l =0, (7.38)
lim S,(Q;)(x)=m}, VxeR. (7.39)
t—>+o0

To prove the above corollary we need the following Barrier Lemma.

Lemma 7.4 (The Barrier Lemma"). There are ¥ and C* positive
so that if m,meL_(R;[—1,1]) and, for some x,eR and 7T >0,
m(x) = m(x) for all |x—x,| < VT, then:

IS, (m)(x0) — S, (71) (x0)| < C*e ™.

Proof of Corollary 7.3. We first prove (7.38). By (7.11) and the
Comparison Theorem, S, (Q.)(x) < Q;(x+nd,) for any integer n and
x € R. From (7.9) the function on the r.h.s. of the above inequality is iden-
tically equal to mj ,+a*? for all x > R, —nd,. On the other hand S,; (Q;)
is a symmetric function for all integer n, then S,; (Q;)(x) <my, +a’?
for any x€ R and n> R,/ 4,. Using again the Comparison Theorem and
recalling mj , < @, we conclude that:

R
my, <S(QF) < S, (mjp,+a*?) Vt><1+A—">Ta. (7.40)

a

We now observe that S, (my , +a®?) solves the homogeneous equation:

d
90— p(a) +tanh {BLo(0)+ A1}, (7.41)

with initial datum mj ,+a*> Since the interval (—1,m} ,) is a basin of
attraction of the stationary solution mj ,, for any a small enough,

lim S,(mj ,+a*?) =mj,. (7.42)

t—+o0

From (7.40) and (7.42) we get (7.38).
We shall next prove (7.39). We need to show that for any x, € R and
&> 0 thereis 7, , so that
1S,(Q. ) (x0)—myj | <& Ve >T, (7.43)

& X"
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By (7.11) and the Comparison Theorem, S, (Q,)(x) = @, (x—n4,) for
any integer n and x € R. Recalling the definition (7.9), S,7(Q,)(x) >
q(x—nd,—a) for any x > nd,. Since Q, is symmetric and nonincreasing
for x > 0, from Lemma 6.4, we get S, (Q,)(x) = ¢(0) for all x e [0, n4,].
Hence:

S, (Q2)(x) 2 q(0) 1y <, +q(Ix] —1d,) Ly 5 0,
We conclude that for any R > 0 we can find a time 7 so that
S(Q)(x)=4(0) Vx|SR, Vi>Ty. (7.44)

We can now prove (7.43). Given any ¢ > 0 we choose 7, so large that
C*e™" <¢/2 and R > |xo|+VT,, C*, V as in the Barrier Lemma 7.4. Hence
from the Comparison Theorem, (7.44), and the Barrier Lemma it follows
that:

S(Q:)(x) > S(a(@)—3  Vi>T+T. (7.45)

On the other hand since ¢(0) belongs to the basin of attraction of my
w.r.t. the dynamics (7.41) (in fact m} , <0 < g(0) <mj,,), there is T such
that:

& _
1S:(q(0)) —mj ,| < 3 Ve>T. (7.46)

Recalling O, <mj ,, from the Comparison Theorem, (7.45), and (7.46) we
finally get

m;ih—8<S,(Q;)<mEh Vt>Tv (T, +Ty),

which implies (7.43) with 7, . =T v (T, +Tg). |

&, X

Proof of Theorem 2.12. Let w¥, s<0, be as in Theorem 6.2. We
will next prove that for any @ > 0 small enough there is s, < 0 such that

wo () < Q7 (x) and Q. (x) <wi(x) Vx e R. (7.47)

Theorem 2.12 will then follows from the Comparison Theorem, Corollary 7.3,
(2.53), and (7.47) (recall that the relation between w¥ and mT is only a time
shift, see (6.32)).
To prove (7.47) we need a more accurate estimate on the difference
4

wt —(g+e*pv). This is the content of Proposition 7.5 later.

s
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Proposition 7.5. Let wt be as in Theorem 6.2 and y as in (2.40).
Then there is a constant C so that, for all xe R and s <0,

[wE(x)—q F e®pv(x)| < C(e¥7H 4 35), (7.48)
Proof. We apply Lemma 7.1 with 4, = +ev, getting
1SV 2) =g F ()| <K& [ dt’ e =(J % v)* +KALS.(Y.)—4]-
(7.49)

We bound (J % v)? by ||v|l,, J * v; we next observe that since J has compact
support and v satisfies (2.46) with y, >y, hence J * v € X, see (2.43). Then,
by applying (2.47) with { =y,

t ' %
Kazj dr' e e =(J x v)> < KC, ||J * v, |lvll, A7'%* 7M. (7.50)
0

We now observe that for t=1(p,¢)+s, s<0, the r.hs. of (7.50) is
bounded, uniformly as ¢ | 0, by const e?*~7™. Analogously, from (6.25),
(6.28), and (7.2), we get that K%, . ,,[S.(Y..)—q] is bounded by
const e**. The proposition is proved. |

Proof of (7.47). We first observe that, arguing as in getting (7.33)
and (7.34), for all a small enough we have:

0:(x) = [q(x)—ap(x)] 1y <r, +[my, +a*] lysg,» (7.51)
0, (x) <[g(x)+ap(x)] 1,<r, +[my, —a*?] 15 g, (7.52)

where | is defined in (7.32). We then set

1 P
s, i%log a  with s<r<l-Zanddasin (7.6). (1.53)

Recalling (2.46) and that y,R, > yR > 3/2, from (7.48) it follows

lim ™/ sup |wi(x)—mj,|=0. (7.54)
alo x>R,

On the other hand, by using (7.35), we also have, if a is small enough,
eMpv(x)>ap(x)  VxeR. (7.55)

Then (7.47) follows from (7.48), (7.51)—(7.55). Theorem 2.12 is proved. ||
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8. THE QUASI-INVARIANT MANIFOLD AND THE SPECTRAL
ESTIMATES

In this section we prove Theorem 2.2, Proposition 2.3, Lemma 2.4,
and Theorem 2.5. Most of the statements follow from the results proved in
refs. 9 and 10, as we are going to explain.

The first step is the definition of the function n. which characterizes
the quasi-invariant manifold ./, , ={n;:¢€eI,,}. As we already men-
tioned in the Introduction, the existence of the critical droplet has been
proved in ref. 10 by using the Newton method: n; will be a slight modifica-
tion of the starting point of the Newton map.

Recalling the properties of the instanton stated in (2.7), we consider
the following symmetric function:

my(x) = m(x) —ae "+, me(x) = m(&—|x|). 8.1

The operator L,, (see (2.3)) for m in a neighbor of m{ has been studied in
details in Theorems 2.1, 2.3, and 2.4 of ref. 9, see also Theorem 3.2 of
ref. 10, and for the reader convenience we now recall these results.

We first define the neighbor of m? as the set G(c* &, 6%), £>1,
c*, 6* > 0 of all functions m € C¥™(R, [—1, 1]) such that

() —mb(0)] < c* e e for 0<x<¢é 82)
m(x)—m2(x)| <c )
¢ e ¢ for &<x
and
_I dx[m(x)—m(x)] m' (& —x)* m(&E—x) = L ()
lx—& <2

Spectral Analysis in G(c*, § 8%). Some of the results that we need
are true for ¢ sufficiently large, so we assume this condition even if it is not
always necessary. In ref. 9 the results are stated in the interval [0, ] with
Neumann boundary conditions, but since the estimates are uniform in £
they include the case £ = oo treated here.

For all m e G(c*, &, %) the operator L,, has a strictly positive eigen-
value A, with strictly positive right and left eigenfunctions denoted,
respectively, by v’ and v,, = p,,v% (recall the definition of p,, in (2.3)). For
any me G(c*, &, 6%) we define the linear functional z,, on L¥™(R) as in
(2.21) and we assume that v¥ and v, are normalized in such a way that
7,,(v,) = 1. In Theorem 2.3 of ref. 9 it has been proved that there are c,
and ¢’ all positive so that c_e ™ < 4,, < c,e ™ and
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U, (x) <c, ek, o =a—c'e %, 8.9

|0, (%) =, (xX)| S c e e 7Et for |E—x|<&/2. (8.5)

where u is defined in (2.8) and recall 7.(x) = \/;: m(&—x). Let us remark
that by choosing & large enough the parameter o’ can be as close to « as

needed. An easy consequence of (8.4) and (8.5) is the existence of a con-
stant ¢; > 0 such that:

T, < e Wl Ve L2™(R). (8.6)

In Theorem 2.4 of ref. 9 it is proved that there exists &, > 1 such that for
any &> &, and m e G(c*, &, %) there exist constants d, > 0 so that if ¥ is
such that z,,(}) =0,

le® Yl <die™ " [¥]l.o- (8.7

Moreover there is ¢, > 0 such that for all y € L2™(R)

1L Wl < cad Wl L5 T¥ = 7 () Tlls < €4 W =, () Tl1o- (8.8)

In the case m = m} stronger results hold. In order to avoid heavy notation
we abbreviate:

Ly=L, P:=DPul> Ae=Apds TE=0UR, D=0, ®=m,0.

me> me >

In Theorem 11.1 of ref. 9 it is proved that there are # € (a, 3a/2), &, > &,
and ¢; > 0 such that, for all £ > &,

10:5,(x) — AL ()| Scse 4t for [E—x<E/2, 8.9)
00| <cs&B(x)  for [E—x>¢/2,  (8.10)
cj;lé <cse ™ (8.11)
Setting
o)) = [ dx B Y(x),  YeLI(R), 8.12)

from (8.9) and (8.10) it follows that, for some ¢, > 0,

107 ()] < ¢6 Yo (8.13)
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Furthermore from Proposition 6.3 of ref. 9 (see also Eq. (6.38) of ref. 10),
for any { € (0, o) there exists ¢; > 0 so that, for any ¢, x, y >0,

eLi(x, y) < c; A te’te ™t I, (8.14)

We now come back to the construction of n.. The definition (8.1) is
motivated by the fact that f(m?) (see (2.1)) is small for A small and ¢ large.
With this in mind and following ref. 10 we define:

be(x) =—m(x) +tanh{B(J * m?)(x)}, (8.15)

so that f(m¢) = b, +hp;+O(h*). In Lemma 5.1 of ref. 10 it is shown that
given a, > o as in (2.7) there is ¢g > 0 so that, forall £ > 1 and x >0,

|be () + ek (X)| < cg(e ™ g gy +€77CHY), (8.16)
where k3(x) = k°%(£—x) and

K(0) == D=0 (8.17)

Observe that from (2.7) it follows that there is ¢, > 0 such that
150 < ¢ (8.18)

From the estimate (8.16) the leading term in the projection of f(m) is
V(é&)/ \/;4 (with V(&) as in (2.16)): this is the content of the next lemma.

Lemma 8.1. There is £, > 1 such that for any % < e **% the follow-
ing holds. There exists d; > 0 such that, for any x >0 and any e [, ,,

/i Te(be +hpe) — V()] < Ce s, (8.19)

Proof. We choose £, > &, so large that o, +a’ > 2a (o’ as in (8.4)).
Then, from (8.4) and (8.16), it is easy to check we can find J, > 0 such that:

|T:(be) +e (k)| < Ce™®FoW¢, (8.20)
From (8.4) and (8.18) we have:

Eé(x) 0

Py KOO

_ 3¢/2
(k) = L/Z dx
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On the other hand, by the definitions (2.10), (8.17), recalling that p, =
B(1—m?), and using the estimates (2.7) and (8.18), we also have:

7' 3¢/2 7"
VuK=u J ax (jc; ) = L/z dx ) ke(x)+0(e™).

P P, (x)
From (8.1) and (8.5) we conclude that
|7 (k2) — /1 K| < Ce 2, (8.21)

We finally observe that
7:(p:) = 2my /- L dx ' (x) + fo dx(5, — ') (x)

=2my \/u+0(e ), (8.22)

where in the last equality we used again (2.7), (8.4), and (8.5). From (8.20),
(8.21), and (8.22) we get (8.19) for a suitable 5; > 0. |

We now construct the function 7 in such a way that the main contri-
bution to f(n;) is given by 7.(b, +hp;) v;.

Definition 8.2. Given ¢ > 4, we define the symmetric function v as
the solution of

Lo +be +hp; — 7, (b + hpe) 5 = 0. (8.23)

The quasi-invariant manifold .#,, is then defined via the symmetric
functions:

ne(x) =m(x)+(x), LT . (8.24)
We note that the function y, is well defined:

+e Lt =
Ve=—| " di M T(be+hp),

where T; is the projection acting on LY™(R), ie., Ty =y —7(}) 0;.
Observe that, by (8.4) and (8.6),

1Tl < C ¥l (8.25)
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Lemma 8.3. In the same hypothesis of Lemma 8.1, there exists
0s > 0 such that, for any k >0 and any { e I ,,

Wello < Ce™*9¢, 10eell,, < Ce™ o<, (8.26)
Proof. From (8.16), (8.18), and (2.12), since p: < f3,
b + APl < Cle™> +e7°), (8.27)
so that, by (8.8) and (8.29),
el < Cle 4e7%). (8.28)

To compute the derivative of Y, we differentiate (8.23) and, recalling
(8.12), we get:

L, 0 +0:p:J * e = —0:(b; + hp;) + (0 (be +hp;)) T
+0¢7e(be + hpe) U + 7e(be +hpe) 0:0:.  (8.29)

We now proceed as in the proof of Proposition 4.2. Recalling the definition
of the operator T;, we rewrite (8.29) as follows:

L; 0:p = —T.(0:p¢J * W) —T:(0; (be +hp¢)) + 7z (b, + hp;) T; 0:7;
Since b; + hp; = —L:: + (b + hp;) T, then
0:7:(b; +hp:) = —0:7:(Lap:) + 7-(b: +hp;) 0:7:(D;). (8.30)
We next observe that 7,(0:0;) +0:7:(7;) = 0. We then get:
L; 0:; = —T:[0:(b: +hp:)+0:P;J * b — 7 (b; +hp;) 0:7;]
— [ (0 e * )+ 07t (Leth)] . (8.31)

By standard arguments the derivative 0\ is defined by the solution to
(8.31), whose existence is guaranteed from the existence of L; ', see (8.8).

In order to prove the second inequality in (8.26) we need to bound the
various terms on the right hand side of (8.31). We start with the term 0.:b,.
Let R, be the function defined as:

R{(x) = {mg(X) —[m(E—x) _ae_m(“x)]} 1. [-1,0]
= {[m(&+x)+ae ] —[m(E—x)+ae O} 1oy 0
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Furthermore:

0:R:(x) = {m/(E+x)—aoe ™) —m'(E—x)+ane ™} 1.y -
(8.32)

Then, by (2.7),
IRl + 10 Rl < Ce™~. (8.33)

Since m$(x) = m(&—x)—ae***9+ R.(x) if x> —1, by Taylor expansion
and using that L,m' = 0, after some simple computations we easily get:
0:b:(x) = —aoL e *9(x)+ L, 0:R:(x)
+ B? tanh"()[— ae ™+ + R.(x)](J * 0;mP)(x)
where { = {(x) is a number in the interval with end-points S(J * m)(&—x)

and B(J *m)(E—x)—a(J x e T9)(x)+(J * R;)(x). By using (2.6) and
(2.7), we have, for all x >0,

_ (pad xm)(E—X)
1—mj

K Ce *+g—oli=x < Ce=3%/2, (8.34)

|L,;,e_“('+5)(x)| = ¢+ ||

By (8.33) ||L; 0:R¢l,, < Ce ¢, Then, since |tanh”|, <2, for x >0,

|82 tanh” (O)[— ae =+ 4 Ry(x)1(J % 0;m2)(x)|

< C(e™ ) 4 o=%8) 2 k—x < C(e73%/2 4 e7?),

By (8.34) and the above estimates, [|0:5:(x)|,, < C(e>*/*+e~*%). From
(2.12) and the fact that 0, p; is uniformly bounded, we conclude that:

10 (b + hp)ll.o < Ce™™/2+e7°). (8.35)

To bound the second term on the right hand side of (8.31) we use
again that 0, p, is uniformly bounded and the bound (8.28), getting:

10: P * Yellw < Ce™>+e7%). (8.36)

The third term on the right hand side of (8.31) is bounded by using (8.19),
(2.12) and (8.9), (8.10), obtaining

17 (be +hpe) T (0: )| < Ce™ . (8.37)
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Finally, for the last terms on the right hand side of (8.31) we apply the
same argument as in Eqs. (4.11) and (4.12) to which we refer for details.
Then:

0:0, 0:p
Te(0:ped * W) +0:7e(Lohe) = )“éj dx < ; t— ;125 175)- (8.38)
¢ ¢

Therefore, by (8.28),
||7'_E¢(ad7€] * ‘pé) +a¢7té(l_45l//¢)||w < C}:é(e_zaé-i-e_“oé) (839)

From (8.8), (8.31), and the estimates (8.35), (8.36), (8.37), and (8.39) we
finally obtain:

I10:W¢lle < Cle™*/2 7). (8.40)

Setting J5 = min{a/2; oy —a}, the inequalities (8.26) follow from (8.28) and
(8.40). 1

Proof of Theorem 2.2. Equations (2.13) and (2.14) follow from the

definition (8.24) of n, and the estimates (8.26). Recalling the definition
(8.15), we next write:

f(ne) = tanh{BLJ * (m;+) + 1]} —tanh{BJ » me} +b; — Y,
from which, by Taylor expansion to second order and using (8.23),
f(ng) = Lo +hp; +be + R, h) = 7, (b: +hp;) T + R(Ye, h),

where |R(;, h)| < C(|W; % +h*). From (8.19), (8.26), and (2.12) we get
(for Ee Ty, )

If(ne) =V (&) Oenell.o
< Ce ™ ||, —\//; O:ene||,, + C(e Pt q gm2otds)cy p=tady
On the other hand, by (8.4), (8.5), and the second inequality in (8.26),
15: — /1 Oemell,, < C(e34/%E4 e7E e (+00¢),

By the above bounds the estimate (2.15) follows for a suitable , > 0. ||
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To prove Proposition 2.3 we have to show that n.+he G(c*, &, 0%).
To this end we need more refined estimates on /;, and this is done in the
next lemma. We first introduce some notation. We define

& -
réﬁfo dt e Ty(b; +hp,).

Then, from (8.7), (8.25), and (8.27),
e —Tell < Ce™'=5' (e +e7). (8.41)
Recalling (8.16) and (8.17), we write:
& s
Iy =P+Q,, P=[" dt ™ T(be + k),

(8.42)
& I
ko(x) = e kx),  O: ﬁ—jo dt e%'T,(k, — hp.).

Lemma 8.4. For each a* < a there exists C, > 0 so that
|P.(x)] < Cu[e™ 0t e (e, g et 1goyp)]. (8.43)
Furthermore:
|0:(x)| < Ce ™. (8.44)

Proof. The proof of this lemma is similar to the proof of the second
inequality in Equation (6.1) of ref. 10, therefore we only give an outline of
the argument, by referring to ref. 10 for more details. We first prove (8.44).
By (8.7), (8.18), (8.25), and (2.12) we have:

52 —d_t = —2a&
1Qell. < C L dt e ([hpell + lleell,) < Ce™. (8.45)
Since T,y = — 7T () D; and ||7|,, < C, by (8.16) and (8.20),

&2 +o© _
IP.(0) < C&% 0t [t [ dy eBe(x, p)(e 1, g 1y +e ),
0 0
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An estimate of the last integral can be found in ref. 10 but, since it is not
written in the form we need, we give the argument below. From (8.4) and
(8.14) we get, for any x >0,

52 0 -
jo di j; dy e%ei(x, ) e~ 1, o 1 < CEZ—(@é+00), (8.46)

Again by (8.14),
+
0

2 © _ ©
fé dt '[+ dy eLit(x, y) e~ 2+ < Céze—Za.f'[ dy e Sx—g—20y
0 0

The integral on the r.h.s. is uniformly bounded; moreover, if |&—x| < \/E
then, since |[x—y| = |y —¢|—|x—{],

T Ay e~thle=2 — [T gy ot slp—2n
fo dy e le™ = fo dy e Ve (1, _gcept1y_g>¢2)
< C(e™32 4 ot WE=¢/2)

Collecting all the above estimates we obtain (8.43) by choosing a* <(
(recall that in (8.14) the parameter { € (0, ) can be fixed arbitrarily close
toa). |

Proof of Proposition 2.3. From (2.12), (8.41), (8.43), and (8.44) we
easily get that . +/ satisfies the bounds on the right hand side of (8.2) for
a suitable constant c* if & > £, is chosen large enough. Instead the estimate
(8.3) is not immediate. By (8.41), (8.42), and (8.43) there is J; > 0 so that

.[ v dx[Y:(x)+h—Q0:(x)]1 ' (E—x)* m(E—x)| < Ce™ %)< (8.47)
x—¢&l</¢

(note that since (7')* 7 is antisymmetric the constant +#4 does not contri-
bute to the integral). The contribution of Q, to the above integral has been
estimated in Section 8 of ref. 10. More precisely, setting

M, = dx Q(x) 1 (£ =x)* (¢ =),
lx—& <2

it is proved that there is J, such that |M, — M,| < Ce~®**9)¢ where

My =—| dx €=y mE=x) [ dt [ dy G (x, 7)hp— k()

x—él</€
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with G; ,(x, y) explicitly given in Eq. (8.10) of ref. 10 and satisfying
G ,(E—x,y—&8) =G: ,(E+x, y+&). It is finally shown that M, is bounded
by the r.h.s. of (8.3): here we only remark that, since (/')* 7 is antisym-
metric, only the odd part (w.r.t. ) of hp. —k. contributes to the integral,
and since p; is even, only the odd part of k, survives. The estimate of this
last term uses the fact that J is nonincreasing, we refer to ref. 10 for the
details.

We have thus proved that for any x > 0 there exists ¢, > ¢, and suit-
able positive constants ¢* and 6* such that n.+he G(c*, & 6%) for all
¢ eI, . Therefore Proposition 2.3 as well as the estimates (2.23) and (2.22)
follow from the spectral analysis in G(c*, &, 6%). |

Proof of Lemma 2.4. The proof of inequalities (2.24) and (2.25) can
be done following line by line that one of (8.9), (8.10), and (8.11) given
in Section 11 of ref. 9. The arguments given there apply also in our case
(where m? is replaced by n,): the key tool is Lemma 8.3, which gives suf-
ficiently strict bounds on n,—m¢. Finally, recalling that v, = p,v} and
that |0; p;ll., < C, (2.26) follows from (2.18) and (2.25). We next prove
(2.27)—(2.29). By the second inequality in (8.26) and recalling (8.1) we have:

I/ 8:ns — ]|, < Ce™%. (8.48)

On the other hand, since n; € G(c*, &, 6*), from (8.4) and (8.5) it follows
that [l — 7., < Ce ™%, (v, = v;). Then, since 7(v;) = 1, from (2.22) we
get |\//; 7:(9n;) — 1| < Ce ™. Collecting together the above estimates,
(2.27) and (2.28) follow. We are left with the proof of (2.29). By (2.18),
(2.24), (2.25), (8.26), and (8.48) we have:

m"({—x) m'(—x)
prﬁ(é_x)

< Ce ™2,

0:m:(0:n:) — \/;1 foﬂo dx

But, since /7 is odd and p,, even,

m'(E—x)m'({—x)
jdx ) -0 V&>

Then by (2.7) and the previous estimate (2.29) follows. ||

Proof of Proposition 2.10. The critical droplet ¢ =nz+@ belongs
to the set G(c*, &, 6*) for h small. The existence and uniqueness of y, >y
solving (2.45) follows from Lemma 3.1 of ref. 9. The proof of (2.46) is not
given in ref. 9, but it can be done in the same way as the proof of (2.41) in
Section 5. In fact, recalling the definition (2.42) of the linear operator L, we
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can rewrite the equation for the eigenfunction v as v=(1+1)"" pJ = v;
then, by arguing as in Section 5, we have:

v(x+¢f,,)=f_1 dy G(x, ) v(y+&,),  Vx>s>4,

with £, £ as in (5.19) and
~ * 1 +o0 +o0 n

Gy(x,y) = T dy, -+ dy,_ i-1) J (i — i)
(%, ») ,,; EWE f » f y 1il:[1p¢q(y DI =)

Finally (2.47) is exactly Eq. (2.23) of ref. 9, the only difference here is that
this estimate can be proved also for { =y,, as it can be checked by exploit-
ing the proof in Section 10 of ref. 9. The others statements of Proposi-
tion 2.10 follow from the spectral analysis in the set G(c*, &, 6%). |

Proof of Theorem 2.5. In Theorem 2.2, Proposition 2.3, and
Lemma 2.4 we have introduced functions ¢, =¢,(x) and c¢; =c;(kx) for
i=0, 1,2 (which we can assume nondecreasing). In the sequel, given i > 0,
we shorthand ¢, = £,(%) and ¢, = ¢;(%), i =0, 1,2. For e>0and £ >/, to be
fixed, we define:

F:T; . x%; ., > R F(E, m) = m(n: —m).

Clearly F(¢, n:) =0 for all £ e I; .. Given ¢; > 2 and k < i, we next apply
the contraction mapping principle in the first argument of the function

G: Iy X By o X Iy i > RO G(E, m, &) = E—[0F (&%, nee) 17" F(E, m).
Since 0, F(&*, nex) = mex(Ozxnex) then
0:G = mex(0sngs) ™' [nex(Opxnex) — e(0;n; ) + Oee(n: —m) ],
from which, by using (2.26) and (2.28),
10:G1 < (/ 1+ E)(mer (Brne) = me (e )| + 2 lm—mel).

But (2.14) implies ||n; —nz|,, < (€ +[7'|l) |£—&*|, hence there is a con-
stant C = C(k) so that:

0:G| < C(Imex (Opxnegx) — me (Oem )| +|E— E¥| + Im—ngx |l ).
Using again (2.28), we can now fix £ so large that (for all 4 < e=%)

C |n§*(6§*n¢*)—n§(55n¢)| < %
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Then, if |6 —¢&¥ <r and ||m—ng||,, <& with r, £> 0 small enough, we find
|0:G| < 1/4 (for all h < e *%). Moreover, if we assume also ¢; > £+r and
K < K—r, the function G(-, m, £¥) is defined for all £ € (6*—r, E¥+7) and

G, m, &) =& <IG(E, m, £F) = G(E, ngx, &F)
+ |G(§’ g, é*) _G(é*, n.f*, é*)l
€<
4

< Iné*(aé*né*)l_l |7[é(n4:* —m)l +

s el
<a(/1+e) Ing—ml, +=—

<c2(\/ﬁ+c2)s+ <

where we used (2.22), (2.28), and we further assumed & so small that

452(\/;: +¢,) e<r. From the contraction mapping principle we get that
there is a unique solution &= Z(m, ¢*) of the equation F(&,m)=0 in
(&*—r, & +r) for any £* e T, . and m such that [m—ng|,, <& Moreover
me Z(m, £*)is C' and |E(m, E*)—E¥ < r/2.

We finally observe that if ¢; is large enough there is ¢, € (0, £] such
that the following holds. If &*, &** el , and [ngx—ngl, <2¢ then
|E*—E**| <r/2. In fact, by using (2.7) and (2.14), from the condition
|E*—E**| = r/2 it follows there is C = C(k) so that

12+ (0) — nexs (0)] > (otae = — Ce~™inlooi a0} &) %

and, for ¢; large enough, the r.h.s. is not smaller than 2¢, for any suffi-
ciently small &,.

We now prove Theorem 2.5. Given k >0, we fix ¥ > x and then we
introduce the parameters &,, Z, and £, so that all the previous statements
hold. Then we define the map =: 4, ., — I} by setting Z(m) = Z(m, &)
if [|m—ng|,, <ég, (the existence of such ¢* e I, . follows from (2.30)). We
see that the definition is well posed: assume | —ng+||,, < g, for some other
el ., hence |ngx—ngs, <26 and then [£*—&™|< r/2 for what
stated before. Then |E(m, E**) —&¥| < |E(m, E¥*) —E*¥|+|E**— & < r and,

by local uniqueness, Z(m, £**) = Z(m, £*). Moreover, to prove (2.31), we
observe that ||m—n;||, < ||m—n¢*||w+(f+c2) |E—E* and, on the other
hand, if &=E(m,&*) then |¢—&¥| < const |ma(Dangx)| ™" [me(nex —m)| <
C |m—ng||,,, for some C = C(%). This last bound also prove (2.32), since
lm—ng ||, <&, implies & = Z(m, &).
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